High fidelity orbit propagation requires detailed knowledge of the solar radiation pressure (SRP) on a space object. In turn, the SRP is dependent not only on the space object's shape and attitude, but also on the absorption and reflectance properties of each surface on the object. These properties are typically modeled in a simplistic fashion, but are here described by a surface bidirectional reflectance distribution function (BRDF). Several analytic BRDF models exist, and are typically complicated functions of illumination angle and material properties represented by parameters within the model. For many cases, the resulting calculation of the SRP would require a time consuming numerical integration. This might be impractical if multiple SRP calculations are required for a variety of material properties in real time, for example, in a filter where the particular surface parameters are being estimated. This paper develops a method to make accurate and precise SRP calculations quickly for some commonly used analytic BRDFs. Additionally, other non-gravitational radiation pressures exist including Earth albedo/Earth infrared radiation pressure, and thermal radiation pressure from the space object itself and are influenced by the specific BRDF. A description of these various radiation pressures and a comparison of the magnitude of the resulting accelerations at various orbital heights and the degree to which they affect the space object's orbit are also presented. Critically, this study suggests that for space debris whose interactions with electro-magnetic radiation are described accurately with a BRDF, then hitherto unknown torques would account for rotational characteristics affecting both tracking signatures and the ability to predict the orbital evolution of the objects.
INTRODUCTION
Observations that have been made on a special class of high area-to-mass ratio (HAMR) debris objects 1 indicate they have area-to-mass ratio (AMR) values ranging anywhere from 0.1 to 10's of m 2 /kg. The resulting solar radiation pressure (SRP) perturbations, in part, explain observed variation of orbital parameters that distinguishes their long-term orbital histories. The SRP perturbation effects on orbital period, inclination and eccentricity can also produce significant variations over relatively short periods of time (days to weeks). The amplitudes and periods of the perturbations vary according to the magnitude of the AMR values 2 .
Previous analyses have shown that HAMR objects have AMR values that vary with time [2] [3] , likely due to time varying SRP accelerations resulting from time varying solar illumination. It is hypothesized that the time varying solar illuminations are, at least in part, due to orientation changes with respect to the sun, and solar eclipsing periods. These in turn result in time varying reflective and emissive accelerations that are difficult, at best, to predict.
Work by Kelecy and Jah 4 presented a detailed SRP formulation which modeled the time varying orientation and surface thermal characteristics of HAMR objects in space, and quantified the perturbation errors due to a variety of modeling assumptions in the determination and prediction of the orbits of these objects. It was shown that the errors due to the mismodeling of thermal emissions are large enough to result in significant errors in the orbit predictions and, in particular, can result in unbalanced accelerations in directions orthogonal to the object-sun line. The analysis examined the sensitivity to the lack of a priori knowledge of attitude, shape or materials.
Linares et al. 5 recently demonstrated a mechanism that fuses both angles (line-of-sight) and brightness (photometric flux intensity) measurements for the purpose of orbit, attitude, and shape determination of a space object (SO). Whereas angles measurements are direct observations of the SO's orbital position, the brightness measurement is dependent on both orbital position and the SO's shape and attitude, and thus provides an indirect observation of these other attributes. The physical correlation between the SO's shape/attitude and its orbital position are caused by the various non-gravitational forces and torques, such as the SRP, which are dependent on shape and attitude, and produce a linear and angular acceleration on the SO. These non-gravitational forces and torques can become significant for HAMR objects. It has been theoretically demonstrated that simultaneously observing both angles and brightness measurements enables shape and attitude estimates that leads to improved orbit propagation. This high-fidelity orbit propagation is necessary to re-acquire the HAMR object over significant temporal sparseness in observations. For this process to yield accurate results, however, the model used to calculate the brightness of the SO must be consistent with the model used to calculate the SRP and other non-gravitational forces and torques. Brightness models are based on the surface bidirectional reflectance distribution function (BRDF), where BRDFs define how the diffuse and specular components of light are reflected from the surface. However, SRP calculations typically use an idealized BRDF in developing the characteristic equation and, in some cases, a simplified shape model (e.g. a diffuse cannonball). In this paper, the SRP calculation is reconciled with more physically realistic BRDF functions.
The work presented here begins by establishing the dependence of the SRP on the BRDF in §2 with descriptions of various BRDFs in a common nomenclature presented in §3. The functions required to reconcile the SRP to the BRDF are then calculated in §4. Other radiation pressures, the Earth-albedo/Earth-infrared radiation pressure (ERP) and the thermal radiation pressure (TRP) are described in §5 along with how these are reconciled with the BRDF. For the TRP, this requires the development of a completely new model. Finally, the deterministic orbit and attitude propagation equations used in the analysis are described in §6 and a comparison of the magnitude of the various radiation pressures and effect on a HAMR object is presented in §7.
SRP DEPENDENCE ON BRDF
The BRDF (f r ) defines how light is reflected from an opaque surface with a given surface normal direction ( N ), illumination direction ( L with angles θ i and ϕ i from N ), and observer direction ( V with angles θ r and ϕ r from N ) as shown in Figure 1 and is given by
where dL r is the reflected radiance in Wm The acceleration caused by the SRP can be calculated by summing the individual contributions of all the constituent illuminated "facets" that make up the object, where a facet is defined as a flat surface of area A, and normal direction N . The acceleration is ( ) ( ) (2) where
), A k is the facet area, f k is the fraction of the facet that is illuminated (due to self-shadowing), m SO is the mass of the object, c is the speed of light, and the BRDF for each facet is integrated over all observer directions (
) and all wavelengths. Additionally ( ) ( )
where H(x) is the Heaviside step function which is one for positive values and zero for negative values. The first term in the parentheses is simply the acceleration caused by the incoming light, and the second term in the parentheses is the acceleration caused by the reflected light.
In general, the BRDF is a complicated function of illumination angle and material properties represented by parameters within the particular BRDF model. For certain BRDFs, however, the integral can be solved analytically. For example, the case of a BRDF with a Lambertian diffuse component (of diffuse reflectance ρ and fraction d) and purely "mirror-like" specular component (of specular reflectance at normal incidence F 0 and fraction s = 1 -d where R is the direction of mirror-like reflection)
yields an acceleration due to the SRP of
where F Sun is the total solar flux over all wavelengths.
For a more complicated BRDF, the exact solution (obtained by numerically integrating Eq. (2)) is different than the idealized solution (obtained by Eq. (4)). The numerical integration of Eq. (2), however, is time consuming and might be prohibitive to calculate in certain applications. In this paper, correction factors for Eq. (4) are developed and the acceleration is calculated by using
where these Δ functions are functions of the illumination angle and possibly parameters within the BRDF model. The same BRDF corrections can be applied when calculating the radiation pressure from a different illumination source, as with Earth-albedo/Earth-infrared radiation pressure (ERP), and the BRDF reflectivity differences need to be accounted for when calculating the thermal radiation pressure (TRP) due to emission from the SO itself.
BRDF DESCRIPTIONS
The reflectance models of Ashikhmin-Shirley 6,7 , a simplified Blinn-Phong 8, 9 , and CookTorrance 10, 11 are used in this paper. In an effort to establish a common nomenclature, the general BRDF is calculated using ( )
which depends on the diffuse bidirectional reflectance (R d ) and the specular bidirectional reflectance (R s ) and the fraction of each to the total (d and s respectively where d + s = 1). These bidirectional reflectances are calculated differently for the various models. In each model, however, ρ is the diffuse reflectance (0 ≤ ρ ≤ 1) and 0 F is the specular reflectance of the surface at normal incidence (0 ≤ F 0 ≤ 1).
To be used as a prediction tool for brightness and radiation pressure calculations, an important aspect of the BRDF is energy conservation. For energy to be conserved, the integral of the BRDF times cos θ r over all solid angles in the hemisphere with θ r ≤ 90 o needs to be less than unity.
( )
where R diff and R spec are the total diffuse and specular reflectivity respectively. For the BRDF given in Eq. (3), this corresponds to constant values of R diff = dρ and R spec = sF 0 . The remaining energy not reflected by the surface is either transmitted or absorbed. In this paper it is assumed the transmitted energy is zero, and thus the emissivity of the surface can be calculated by
The absorbed energy, thermal energy transfer between contacting surfaces, and subsequent reemitted thermal energy is accounted for in the new TRP model developed in §5.
Ashikhmin-Shirley BRDF
Also known as the Anisotropic Phong BRDF, the diffuse and specular bidirectional reflectances are calculated using (10) where Eq. (9) is a non-Lambertian diffuse BRDF, and the Fresnel reflectance (F) in Eq. (10) is given by Schlick's approximation
In addition to d, ρ and F 0 , the Ashikhmin-Shirley BRDF has two exponential factors (n u , n v ) that define the anisotropic reflectance properties of each surface. Figure 2 shows the dependence of R diff and R spec on illumination angle and exponential factor (n = n u = n v ) for the Ashikhmin-Shirley BRDF where the integral of Eq. (7) was done numerically. In both plots, d = s = 0.5, and thus the simple BRDF of Eq. (3) yields R diff = R spec = 0.25 and 0.5 for the left and right plot respectively. The Ashikhmin-Shirley diffuse and specular reflectivities are not constant, however, but rather complicated functions of illumination angle, exponential factor, and the diffuse and specular reflectances. In all cases, however, R diff + R spec ≤ 1, thus energy is conserved. 
Blinn-Phong BRDF
The specular bidirectional reflectance of the original Phong model
where R is the perfect mirror-like reflection of L . Blinn 9 proposed that Ĥ be used instead of R to make it easier and faster to calculate. Unfortunately, both versions of the model do not conserve energy and thus are unsuited for the purposes of brightness estimation. The model can be made to conserve energy, however, by modifying the leading term. In keeping with the desire for simplicity in this model, the leading term is chosen to only be a function of the exponential factor and set to yield a reflectivity equal to the mirror-like reflection of Eq. where Eq. (12) is the Lambertian diffuse BRDF (as in Eq. (3)). In addition to d, ρ and F 0 , the simplified Blinn-Phong BRDF has a single exponential factor (n) that defines the reflectance properties of each surface. Figure 3 shows the dependence of R diff and R spec on illumination angle and exponential factor for the simplified Blinn-Phong BRDF where again the integral of Eq. (7) was computed numerically. The diffuse portion of the Blinn-Phong BRDF is Lambertian, and thus produces a constant diffuse reflectivity. The modification of the leading term enables energy to be conserved in all instances, but also produces the artifact of an unrealistically low specular reflectivity at grazing incident illumination. 
Cook-Torrance BRDF
The diffuse and specular bidirectional reflectances are calculated using
where again Eq. (14) Figure 4 shows the dependence of R diff and R spec on illumination angle and exponential factor for the Cook-Torrance BRDF where the integral of Eq. (7) was computed numerically and d = s = 0.5. Again, the Lambertian diffuse portion produces a constant diffuse reflectivity, as with the Blinn-Phong BRDF. The specular portion becomes more mirror-like for smaller values of facet slope, although with significant differences in the reflectivity at high solar illumination angles. In all cases, however, energy is conserved. In general, the parameters that comprise a BRDF model can be wavelength dependent. For simplicity, this wavelength dependence is ignored and SRP correction factors for constant parameter values are derived. Adding back the wavelength dependence would simply involve adding together separate solutions weighted by the solar flux at that particular wavelength.
DERIVING THE SRP Δ FUNCTIONS
The diffuse components of the Blinn-Phong and Cook-Torrance BRDFs are Lambertian, and thus the diffuse Δ functions are simply unity. The diffuse component of the Ashikhmin-Shirley BRDF is non-Lambertian, but the integral of Eq. (2) can be evaluated analytically. The resulting diffuse Δ functions are
where the product of ρ and the term in square brackets of Eq. (19) is the equivalent Lambertian diffuse reflectance.
Values for the specular Δ's can be numerically calculated at a particular illumination angle and set of BRDF parameters by comparing Eq. (5) with the numerical integration of Eq. (2) when only considering the specular component. Specifically, for
where p represents parameters within the BRDF model and 
In this case, one of the specular Δ's must be estimated using nonzero illumination angles as the illumination angle approaches zero, and the other can be calculated from Eq. (25).
Once a large number of these values are obtained for a variety of input values, either an empirical fit can be made or a look-up table can be constructed. For simplicity, the anisotropy of the Ashikhmin-Shirley BRDF model is suppressed by setting the two exponential factors equal to each other (n u = n v = n). To account for the anisotropy, a more complicated correction including an azimuthal dependence would be required. The two remaining Ashikhmin-Shirley parameters that are relevant to the Δ functions are the exponential factor (n) and the multiplication of the specular fraction with the specular reflectance at normal incidence (sF 0 ). The exponential factor (n) is relevant for the Blinn-Phong BRDF model, while the microfacet slope (m) and the specular reflectance at normal incidence (F 0 ) are relevant for the Cook-Torrance BRDF model. Consequently, much of the dependence on these parameters can be eliminated by first deriving analytic solutions at special limits. Thus, the specular Δ functions are derived in three steps. In the first two steps, the BRDF in certain limits are evaluated where an analytic solution in that limit can be calculated. These correspond to the limit of normal illumination ( N L= ) and the limit when the microfacet slope parameter goes to zero (for Cook-Torrance) or the exponential factor goes to infinity (for Blinn-Phong and Ashikhmin-Shirley). The third step compares the numerical Δ values calculated for only the specular component to the analytic solution from the first two steps combined to determine the residual, and it is this residual that is turned into a look-up table.
Step 1 ( where Ei is the exponential integral function. Due to values approaching infinity, Eq. (28) is not calculable for small values of m, and therefore an approximation must be used for m < 0.045
2 ).
Step 2 (
Again, as the microfacet slope approaches zero or exponential factor approaches infinity, the BRDFs become more mirror-like and the integral of Eq. (2) can be accomplished. The resulting Δ functions are
where F in Eq. (29) Step Figures 5-7 show the progression from no correction through step 3 using the Δ functions described for the different BRDF models. These plots are the percentage difference with respect to the acceleration at normal incidence for values of illumination angle, microfacet slope or exponential factor, and specular reflectance at normal incidence. All values are midway between entries in the look-up tables, so represent the worst deviations that might occur. Note how in all cases, step 1 corrects the accelerations exactly for normal illumination as expected. Additionally, step 2 improves the low slope values (Cook-Torrance) and high exponential factor values (Ashikhmin-Shirley and Blinn-Phong) as expected.
The maximum uncorrected difference for Ashikhmin-Shirley is approximately 39% (for n = 6, 
OTHER RADIATION PRESSURE MODELS
Other sources of radiation pressure exist where the difference from the baseline of Eq. (4) are comparable to the BRDF SRP correction of Eq. (5). Earth-albedo and Earth-infrared radiation pressure (ERP) is identical in form to the SRP where the Earth's reflection in the visible and emission in the infrared takes the place of the Sun as the illumination source. Calculation of the ERP acceleration is more complicated due to the larger solid angle subtended by the Earth with respect to the SO and the introduction of an empirical model to represent the Earth's albedo and emissivity. As with the SRP acceleration, the SO's surface BRDF also needs to be considered. The final radiation pressure to be considered is the SO's thermal radiation pressure (TRP). To calculate the TRP acceleration, one must know the temperatures of the various surfaces of the SO. This requires a model that calculates these temperatures given the SO's attitude, the passage of each surface into and out of shadow, and the thermal interconnection between surfaces.
Earth-Albedo/Earth-Infrared Radiation Pressure
A slightly modified model of Knocke et al. 12, 13 is used to calculate the ERP acceleration. In this model, the Earth is divided into N regions and Eq. (4) is used to calculate the contribution of each region to the space object's acceleration by using ( ) The process used to generate the N evenly distributed regions employs a slight variation to the prescription of Rakhmanov et al. 14, 15 Specifically, the region centers (latitude and longitude in radians) are calculated using for surfaces in shadow where the temperature cools to some specified minimum in a time dependent on the material characteristics. The adjustable material parameters for each surface are k 1 (cold equilibrium temperature), k 2 (difference between cold and hot equilibrium temperatures), k 3 (rotational rate/thermal inertia constant), k 4 (transition time from hot to cold equilibrium temperature), and k 5 (transition time from cold to hot equilibrium temperature). The other quantities are values that need to be calculated for a particular surface: t 1 (time since shadow exit), t 2 (time since shadow entry), θ i (illumination angle), θ shadow (illumination angle at shadow entry), and θ sun (illumination angle at shadow exit). Implicit in this model is the emissivity as related to the diffuse and specular reflectances. For the simple Lambertian diffuse and mirror-like specular BRDF, to conserve energy, this reduces to
Empirical values for various surfaces typical of spacecraft materials are shown in columns 1-8 in Table 1 (from Table 5 in Ref 15) . The values to be modeled in this simulation are shown in column 9. The key to calculating the TRP is determining the temperatures of each surface of the SO. The temperature of a surface depends on three quantities: heating of the surface due to radiation (e.g. solar or Earthshine), cooling of the surface due to radiation (e.g. blackbody emission that produces the TRP), and heating/cooling of the surface due to conduction (e.g. connection to other surfaces or components of the SO). From one time step to the next, this can be summarized in the equation
where C is the heat capacity related to the surface (in Joules per Kelvin). The power being absorbed by the surface can be represented by
where A is the surface area, j L is the direction to the illumination source, and N is the surface normal, R diff and R spec are the diffuse and specular reflectivity of the k th facet for the j th illumination source, and F j is the total flux over all wavelengths of an illumination source (e.g. Sun or Earth region). Note that P absorb is always positive. The power being emitted from the surface can be represented by ( )
which is simply the blackbody radiation at a particular temperature. The emissivity of the k th facet to be used in Eqs. (49) and (41), to be consistent with the surface BRDF, is calculated using
where the N L= notation in the subscript signifies these are the diffuse and specular reflectivity associated with that geometry for the given BRDF parameters. Note that P emit is always negative. Finally, the power being conducted to or from the surface can be represented by
where k, A and ( ) T ∇  are the various conductivities, contact surface areas, and temperature gradients between the the k th surface and the N body other portions of the object. P conduct is positive when energy flows into the surface and negative when energy flows out of the surface.
The additional parameters required for each surface in this model beyond those associated with the BRDF is a term related to the surface heat capacity (in Eq. (47)) and terms related to the conductivities and contact surface areas between the surface and other parts of the object (in Eq. (51)). In practice, the assumption that Eq. (51) and the associated parameters can be replaced by two parameters is made such that
where K is a term related to conductivity of each surface (in Watts per Kelvin) and T body is an equilibrium temperature for the body as a whole. Thus, for a cube, this TRP model would require 13 total parameters to represent the SO as opposed to 30 total parameters in the Marshall-Luthke model. When all the surfaces are identical, 3 total parameters would be necessary as opposed to 5 total parameters in the Marshall-Luthke model.
The temperatures of all six sides of a slowly rotating cube fixed in space with the Sun as the only illumination source as predicted by the Marshall-Luthke model using the values in column 9 of Table 1 are calculated and displayed in Figure 9 . The cube is rotating at 0.017 rad/s about it's z-axis. The slight discontinuity on the declining slope of the ±x and ±y temperature curves corresponds to the time when the side goes into shadow due to the rotation of the cube and the temperature changes from being calculated with Eqs. (42) and (43) The -z-axis of the cube is facing away from the Sun, so is at the constant cold temperature of k 1 = 250 K, while the +z-axis of the cube is illuminated by the Sun at a constant non-normal angle, so is at a constant temperature less than k 1 + k 2 = 300 K. The other sides alternatively are illuminated by the Sun and then are in shadow, and since they are identical, they exhibit the same temperature profile as a function of time. Figure 9 . In general, adjusting C alters the rate at which the surface heats and cools, with a greater value of C resulting in a longer heating/cooling time, adjusting K alters the peak temperature, with a greater value of K resulting in a lower peak temperature, and adjusting T body alters the overall level of the temperature profile.
There are some features between the models that are not reconciled. Most notable is the +z-axis facing side's temperature. In both models it is constant due to the constant solar illumination. The level in the Marshall-Luthke model, however, is significantly higher than the new model. The other significant difference is the timing of the peak temperature on the x-axis and y-axis sides with the Marshall-Luthke model peaking earlier than the new model. Likely the new model is unable to replicate exactly the temperature profiles of the Marshall-Luthke model. The new model, however, has the advantage of being physics based and reconciled with the surface BRDF, and so is used in the remainder of the paper.
ORBIT AND ATTITUDE PROPAGATION
The principal purpose of the trajectory and attitude modeling carried out in this paper is to emphasize the difference in behavior of the SO predicted by conventional surface force models with that predicted by BRDF-corrected techniques. Hence the conservative force field is treated simplistically whereas the surface forces are given a rigorous formulation. 
RADIATION PRESSURE PERTURBATION COMPARISONS
A 1-m cube HAMR object that is 1-kg in mass is placed in GEO, a GPS orbit, and a 1000-km height Sun-synchronous LEO, with Table 2 listing the orbital details. Figures 11-13 plot the absolute magnitude of the various radiation forces as a function of time for the HAMR object at GEO, a GPS orbit, and LEO, respectively, for the last half day of the simulation. Also plotted are the fractional differences of the BRDF-corrected SRP to the SRP and the relative difference of the ERP and TRP to the SRP for times when the object is out of eclipse. Whereas the relative magnitude of the TRP and difference of the BRDF-corrected SRP to the SRP remains about the same for each orbit type, the magnitude of the ERP depends on ra-dial distance as expected. Note the regular entry into and exit out of earth eclipse in the acceleration time histories coincident with the orbit of the satellite.
Of particular note is the variation in magnitude of the BRDF-corrected SRP to the others. This results from the fact that only the BRDF-corrected SRP produces a torque on the HAMR object resulting in attitude changes and thus variations in the projected area and resulting acceleration. For a rectangular prism, the SRP and ERP (with the simple Lambertian diffuse and mirrorlike specular BRDF) and TRP (with the Lambertian emissivity) do not produce a torque. The BRDF-corrected SRP, however, does produce a torque because the specular reflectivity is a function of the illumination angle and the specular reflection is not exactly at the angle of the mirrorlike reflection.
Figures 2-4 illustrated the former point while Figure 14 illustrates the latter point by plotting the difference between the actual angles of peak specular reflection to the mirror like angle as a function of illumination angle for various values of the exponential factor in the AshikhminShirley BRDF. As expected, as the exponential factor increases, the specular reflection becomes more and more mirror-like. This significant difference between the rotational dynamics of the SO when using the simplistic SRP of Eq. 4 and the BRDF-corrected SRP of Eq. 5, highlighted by the discovery of a hitherto unknown torque caused by the specular reflectance of the SO's surface, illustrates the importance of accounting for these effects. Figures 18-20 plot the total difference, radial difference, in-track difference, and cross-track difference for positions calculated using the BRDF-corrected SRP, SRP + ERP, and SRP + TRP as compared to the position with SRP only as a function of time for the last half day of the simulation. In this particular simulation, the BRDF correction produces the largest variation followed by the TRP and then the ERP with only minor differences. Variations in orbit, SO shape, and surface properties would undoubtedly produce different magnitudes. For high fidelity orbit propagation, all these non-gravitational forces need to be accounted. 
CONCLUSION
Brightness models are dependent on the surface BRDF. Current radiation pressure models, however, ignore the BRDF, even though the BRDF has a significant affect on the magnitude and direction of the resulting radiation pressures. It was shown in this paper how the models used to calculate the various radiation pressures can be made consistent with the model used to calculate the brightness of a SO. This required the addition of BRDF-specific correction factors to the calculation of the SRP and ERP, and the development of a new model for the TRP. The effect of a SO's shape and attitude on its orbital position is through the various non-gravitational forces. Making this connection more physically realistic strengthens the possibility of using simultaneous angles and brightness measurements to estimate a SO's shape and attitude. In addition, and critically, this study suggests that for space debris whose interactions with electro-magnetic radiation are described accurately with a BRDF, then hitherto unknown torques resulting from differences in the specular reflectance with illumination angle would account for rotational characteristics affecting both tracking signatures and the ability to predict the orbital evolution of the objects. In practice, the surface parameters of a particular BRDF model are first chosen to approximate a given material, whether highly specular as with aluminum or Mylar, or more diffuse as with paint. The observed light curves are then used to refine the parameters that define the surface BRDFs, and these parameters, in turn, refine the SRP calculation to improve the propagation of the orbit and spin state analysis of the SO.
